Abstract
INTRODUCTION
A recurrent theme in gene regulation is the self-assembly of transcription factors (TF) into coexisting populations of dimers, tetramers, and other higher order oligomers that can bind simultaneously single and multiple DNA sites. This behavior has been observed explicitly in the tumor suppressor p53 (1), the nuclear factor κB (NF-κB) (2, 3) , the signal transducers and activators of transcription (STATs) (4), the octamer-binding proteins (Oct) (5, 6) , and the retinoid nuclear hormone receptor RXR (7) ( Table 1) . In these systems, the properties of self-assembly, and the partitioning into low and high order oligomeric species, are strongly regulated and modulated by several types of signals, such as ligand binding (8) , protein binding (9, 10) , acetylation (11) , and phosphorylation (6, 12) . The general implications of this modulation, however, are not clear.
At the level of single DNA sites, it is well established that the effects of TF are finely determined by their concentration and cognate DNA sequences (13) . Processes based on interactions with different molecules and post-transcriptional modifications are assumed to affect mainly the DNA binding properties of the TFs or their ability to recruit coregulators. This idea is entrenched in the field of gene regulation and is systematically used as a guiding principle in the ongoing development of molecular therapies against diverse diseases (14) . But TFs rarely act through just a single binding site (6, (15) (16) (17) (18) (19) (20) (21) ( Table 1) . Modulated self-assembly (MSA) provides a key mechanism for controlling the ability of TFs to bind two or more DNA sites simultaneously.
To determine the common wide-ranging effects of MSA, we have developed a general quantitative framework that accurately links MSA with control of gene expression ( Figure 1 ). It focuses on the general aspects of the core control mechanism shared by the wide variety of regulatory systems where MSA is present, which include TF self-assembly and its modulation, binding of the TF oligomers to DNA, and the resulting transcriptional responses. This quantitative framework allowed us to uncover modulation of the oligomeric states of TFs as a flexible mechanism for precise sensing of molecular signals in the presence of intracellular fluctuations. Precision ensures that the transcriptional response is consistently triggered at a given modulator signal strength irrespective of the TF concentration. Flexibility allows the precise triggering point to be changed, up to several orders of magnitude, both at the individual promoter level by changing its DNA sequence and at a genome-wide scale by changing the molecular selfassembly properties.
This methodology identified a core set of features needed to implement control of transcription by MSA that are present in a wide variety of structurally different systems ( Table 1) . As an exemplar of these systems, we have considered explicitly the nuclear hormone receptor RXR. In this case, the quantitative framework accurately reproduced, in some instances even without free parameters, a broad range of classical, previously unexplained gene expression experimental data and demonstrated how flexible precise control of gene expression can be achieved directly at the molecular level through modulation of the oligomerization state of transcriptional regulators.
MATHERIALS AND METHODS
The first step in the signaling cascade orchestrated by MSA is the regulation of the relative abundance of the oligomerization states of the TF (Figure 1 ). The self-assembly modulator, such as a ligand that binds to a TF or a kinase that phosphorylates the TF, affects the low-order oligomers to promote or prevent their self-assembly. We consider explicitly tetramers, 4 n , dimers, 2 n , and non-tetramerizing dimers, * 2 n , as relevant high and low order oligomeric species. Other oligomerization pairs, such as octamer-tetramers or dimer-monomers, are mathematically equivalent to tetramer-dimers.
We quantitate the effects of self-assembly modulation through the modulator
, which describes, in terms of concentrations, the partitioning into the tetramerizing and non-tetramerizing dimers by the self-assembly modulator, s .
This process affects dimer and tetramer concentrations, which are related to each other G G G Δ +Δ +Δ . This conformational contribution has been studied in detail in the case of DNA looping by prokaryotic TFs and is dependent, among others, on the TF and DNA flexibility, the relative position of the DNA binding sites, and the DNA supercoiling state (22, 23) .
We use statistical thermodynamics to quantitatively describe binding to DNA in terms of free energies and concentrations of the different oligomeric species (24) (25) (26) simultaneously by a single tetramer, but the lack of a tetramer to stabilize the conformation makes this conformation highly unlikely. This type of effects has been described in detail for other TF that bind two DNA sites simultaneously, such as the lac repressor (27) .
There is also the possibility that oligomerization is so weak in solution that it is only observed on DNA. This effect can be put in quantitative terms with our framework by considering that the state with the tetramer bound simultaneously to two DNA sites ( Figure 1 ) can also be described as two interacting dimers that bind cooperatively to DNA. The statistical weight of this state is given by Two differentiated types of transcriptional responses can be constructed from the binding states of the TF on DNA (Figure 1 ).
The first type, referred to as response R1, involves a high order oligomer that simultaneously binds two non-adjacent DNA sites. Upon binding, the high-order oligomer loops out the intervening DNA and positions a distal enhancer in the vicinity of the promoter region to control transcription. The probability t P of the state with the tetramer bound to the two DNA sites simultaneously ( (1 ) Γ = Γ − − − + Γ + Γ + Γ P P P P P P . The subscripts do, od, and dd of the transcription rates Γ and probabilities P refer to the group of states with dimers bound to just site 1, to just site 2, and to both sites, respectively ( Table 2) 
RESULTS
To uncover the unique characteristics that emerge from the core structure of MSA in such a general wide variety of structurally different systems (Table 1) , we focus on a functional regime that guarantees that there is response to changes in the self-assembly modulator concentration. This regime considers two properties. The first one is that the TF concentration is sufficiently high for it to significantly bind DNA. 
tetramers bind more strongly to two DNA sites simultaneously than dimers do to a single DNA site (27, 30, 31) .
The key implication of this regime is that the probabilities of the different groups of binding states simplify in such a way (see Table 2 ) that the transcriptional responses are governed by the reduced expressions
(1 )
which show that responses R1 and R2, despite being mechanistically different, follow the same control logics. In both cases, the two-site binding of the tetramer, quantified by t P , determines the contributions of the reference and activated transcriptional states. The end result is even more remarkable because the particular form of t P imparts precision and flexibility to the transcriptional responses, two properties that are the cornerstone of natural gene expression systems but that have proved to be highly elusive because of their seemingly antagonistic character (13) .
Precision ensures that the transcriptional response is consistently triggered at a given modulator signal strength irrespective of the particular TF concentration, which cancels out in the reduced equations that govern the system behavior. Flexibility, on the other hand, allows the precise triggering point to be altered, up to several orders of magnitude, both at the individual promoter level by changing its organization - All these results can be observed explicitly in the retinoid X receptor (RXR), an exemplar of the essential regulators that share the central features of MSA (Table 1) .
RXR controls a large number of genes by binding to DNA as homodimer, homotetramer, or obligatory heterodimerization partner for other nuclear receptors. Nuclear retinoid receptors are highly significant because they mediate the pleiotropic effects of retinoic acid, which include cell proliferation, differentiation, and embryonic development and affect the carcinogenic process in a number of organs (32) .
The canonical self-assembly modulator of RXR is the hormone 9-cis-retinoic acid (9cRA), a derivative of Vitamin A, which binds each RXR subunit independently of its oligomerization state (33) and prevents dimers with their two subunits occupied from tetramerazing (8) . This behavior is consistent with 2 n being an apo-dimer and with * 2 n being a holo-dimer, as observed in the respective crystal structures of the dimers with no ligand bound (34) and with two ligands bound (35) . The crystal structure of one tetramer with two ligands bound (36) shows that two dimers with just one ligand each can form tetramers with a structure similar to those of two apo-dimers. In addition to 9cRA, there are other ligands of RXR, as for instance, the oleic acid, docosahexaenoic acid, methoprene acid, and phytanic acid (35) .
These early steps in sensing 9cRA and other ligand concentrations are taken into account by the explicit form of the modulator function, which we obtain from the mass action law as To compare with the experimental data, we normalize the fold induction, a measure of relative changes in transcriptional activity, so that its variation ranges from 0 to 1. This quantity, referred to as normalized fold induction (NFI), is defined explicitly as (Table 3 ). This promoter-dependent flexibility indicates that for these systems, the observed variability is not a random aspect of the experimental setup but the result of RXR precisely tailoring the response to each individual gene.
The observed variability can be collapsed in the form of response landscapes 
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States involved in the group as described in Figure 1 . b The expressions for the probabilities follow from the statistical thermodynamic approach with the free energies of each state as described in Figure 1 . The EC 50 is defined as the ligand concentration that gives the half-maximum response. 8.8 nM
K , and s2 K are the dimer-monomer, RXR-site 1, and RXR-site 2 dissociation constants, respectively. The values of the conformational free energies were inferred in Figure 2 . The 10-fold range of total RXR concentration was chosen for each specific system so that it best reproduces the experimental data in Figures   4A and 4B. The explicit value of T n is shown on the top of each graph (in nM units). The results of Figure 4C are predictions without free parameters.
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Normalized fold induction Therefore, in the case of response R1, the normalized fold induction is determined by just the probability of the conformation with the tetramer bound to the two DNA sites.
Normalized fold induction for response R2
The case of a coactivator being recruited by an active RXR dimer is more involved because the self-assembly modulator, 9cRA, is also an agonist of RXR. The reason is that an RXR dimer has to bind at least one 9cRA molecule to recruit a coactivator. Therefore, 
Modulator function for RXR
The self-assembly modulator of RXR is the hormone 9-cis-retinoic acid (9cRA), a This expression explicitly indicates how the ligand controls the relative concentrations of the different oligomerization states that shape the transcriptional response.
Computational approach for RXR in the whole-parameter space
The whole-parameter space needs to consider explicitly the total nuclear RXR concentration, 
